We give bounds for the canonical height of rational and integral points on cubic twists of the Fermat elliptic curve. As a corollary we prove that there is no integral arithmetic progression on certain curves in this family.
INTRODUCTION
A classical question in number theory is to describe the numbers m that can be written as the sum of two rational cubes. This leads to the family of elliptic curves It is well known that \E m (Q)\ ^ 3, for m = 1,2 and E m (Q) tora = {O}, for m ^ 3.
In this paper we consider the problem of rinding three integral points P o , Pi, P 2 on the global minimal model of E' m , whose z-coordinates x t = x(Pi) form an increasing arithmetic progression (we say that P o , P u P 2 form an integral arithmetic progression). This problem was investigated in [2] for congruent elliptic curves.
Note that the integrality of i-coordinates may depend on the choice of a particular equation. It does not depend, however, on the choice of a global minimal equation. Below we shall use E™ n , the global minimal Weierstrass model described in Lemma 1.
Our principal result is the following theorem THEOREM 1. Let m = 0, ±3, ±4 (mod 9); assume that any prime factor p > 3 of m is of the form p = 5 (mod 6). Let A C £™ n (Q) be a subgroup of rank 1. Then A contains no integral arithmetic progressions.
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. H E I G H T ESTIMATES
Lang [5] has formulated the conjecture which says that the canonical height of a non-torsion point P on an elliptic curve E should satisfy h{P) » loglAgl. Put
Hindry and Silverman [4] 4 , so for any prime p^3 the discriminant is 12th powerfree. The minimality at p = 3 follows from Tate's algorithm (see [7] or [6] ). In cases (iii) and ( The proof involves an analysis of local height functions h p : E(Q P ) -i K. Definition and basic properties of local heights may be found in [6] . We shall consider two cases. ARCHIMEDEAN CASE. We shall estimate the archimedean contribution hoc to the canonical height by using Tate's series. Assume first 9 j m. The group .EJ£ 
t^ 12
This series converges because no point on £™ in (R) has i-coordinate 0. Now implies 0 < logz < log 9. Hence
where 0 < c ^ log 9. So using the definition of z, we obtain
T. Jedrzejak [4] When 9 | m we take
where m' = m/9. Arguing as above, we obtain:
NON-ARCHIMEDEAN CASE. If P belongs to the identity component E™ m (Q p )° of the Neron model (equivalently, if reduction of P modulo p is nonsigular), then the local height of P is given by formula
and by using Tate's algorithm [7] we can find the order of the quotient group where E is given by minimal at p Weierstrass equation. We have checked our results using this method for primes p for which c p = 1.
Let us summarise the above considerations:
(a) if m = 0, ±3, ±4 (mod 9) satisfies (*), then £T n (Q p ) = £™ n (Q P )° for all Next, using the fact that {a/dp) ^ 3{/m 2 /4 (respectively a/d? ^ y/3m r2 /4) we obtain
Let P e E% ia (Q) be an arbitrary point. Then, for some k G {1,2,3,6} (which depends on m) the reduction of kP is nonsingular modulo every prime p, so we can use the above estimations for Q = kP. Now /i Em (A;P) = k 2 h,E m (P), and the assertions follows. D
The next proposition gives an estimate of the canonical height of non-torsion point P in terms of the coordinates P. PROOF: AS previously we shall the use local height function. But in this cases we must evaluate the local p-adic height at points which after the reduction modulo p are singular. To do this, we shall use [6, Excercises 6.7a) and 6.8] (note that E m has good or additive reduction). Of course, it is enough to consider the cases p = 3 (with m = ±1, ±2 (mod 9)), and p a prime factor of m which is congruent to 1 modulo 6 (in remaining cases we can use the formula (2.5)) 182 T. Jedrzejak [6] Let P e £?f(Q) \ {0} and let x(P) = a/cP, with (o, d) = 1. We obtain for = ±2 (mod 9). [7] Height estimates 183
Hence (2-6) -\ Iog3 ^ h 3 (P) -v 3 (d) -~v 3 (Ar) ^ 0, for all m and any P £ E™ n (Q) \ {O}.
The first estimation is a straightforward application of the lower bound for /i E m (P) in Proposition 2. Since a > {/(27m 2 )/4 if 9 f m and a ^ ^/(3m' 2 )/4 if 9 | m , the second inequality follows immediately from the upper bound of the canonical height in the Proposition 2. D
INTEGRAL A R I T H M E T I C PROGRESSION ON E™ in
In this section we shall prove the main theorem. We start with estimates for the difference between heights of two points satisfying certain relations. 
LEMMA 2 . Let P u P 2 be integral points on E™ n (Q). Assume that x(P x ) < x(P 2 ) < 2x(P 1 ). Then
On other hand, by (2.9) and 2xi > x 2 > 0,
and hence
Now using (2.8), (2.9) for Pi, together with (3.2) we obtain the required inequality. D COROLLARY 3 . Let Q € E™ a (Q) be a point of infinite order (notice that then |^m' n (Q)tora| = U, and let Pi, P 2 be integral points belonging to the group {Q) generated by Q. Assume that x(Pi) < x(P 2 ) < 2 x^0 , and write P t = r^Q, i = 1,2. Tien In cases 2 and 5 we can reduce mo by taking slightly bigger bound than g, for example We may assume that m <S N (x(P) = x(-P)) and n 0 < ni < n 2 (group £™ in (Q) is torsionfree). Notice that Pi, P 2 satisfy the assumption of the last Corollary because 2x\ = XQ + x% > X2 (remember that Xi > 0 on these curves). Therefore, we have a bound for i%2 (and hence for n 0 , n\ too); more precisely, if \n\ -n\\ ^ 2k, then n 2 < k.
Suppose that m = ±3, ±4 (mod 9) satisfies (*). By the above calculation and (3.4), we obtain n 2 -n\ < 2 for m ^ 6, which is impossible because n x ^ n 2 . For m ^ 5 we have rank(£'™' n (Q)) = 0 (use Cremona's mwrank [3] ). Hence, for such m's there is no integral arithmetic progression in a subgroup of rank 1 of E™ m (Q). Suppose that m = 0 (mod 9) satisfies (*). Then, by (3.6) and the beginning of the proof, for m ^ 36 we obtain 0 < no < n\ < n 2 ^ 2; a contradition. Therefore to complete the proof we have to consider the cases m = 9, 18. Again, using mwrank we obtain rank(£j8 in (<Q)) = 0. On the other hand rank(££""(Q)) = 1, but the only integer . It is known (see for example, [1] ) that 1 has only six representations by this form, so we can easily find all of them. And the assertion follows. (Q) and substituting multiplication formulas for nQ into (4.1) we obtain, for each particular choice of n 0 , n\, n 2 , an integral polynomial equation in two variables t and m (we have used Mathematica for our symbolic computations). Now it is suggested to test whether it has rational solution (t, m) G < Q > x Z. Unfortunately, in comparison with [2] our polynomial is non-homogeneous, hence investigation of its roots is more complicated. For m like in cases 3, 4, 6 the situation is even worse; first of all the bound m 0 is very large, so even after investigation of E m for m ^ m 0 we shall still have enormous number (at level of 10 54 ) curves, that are to be checked with difference methods; for example, find all integral points. Secondly when the bound for \n 2 -n i l is 18 or 72 we have to use the formula for nQ with n ^ 9 or n ^ 36, respectively, which introduces polynomials of high degree consisting of many elements.
